We construct a new class of charged rotating black string solutions coupled to dilaton and exponential nonlinear electrodynamic fields with cylindrical or toroidal horizons in the presence of a Liouville-type potential for the dilaton field. Due to the presence of the dilaton field, the asymptotic behaviors of these solutions are neither flat nor (A)dS. We analyze the physical properties of the solutions in detail. We compute the conserved and thermodynamic quantities of the solutions and verify the first law of thermodynamics on the black string horizon. When the nonlinear parameter 2 goes to infinity, our results reduce to those of black string solutions in Einstein-Maxwell-dilaton gravity.
Introduction
The field equations of Einstein theory of general relativity have nonlinear nature. When these field equations are coupled to the linear Maxwell field, they admit the wellknown charged static and spherically symmetric ReissnerNordström (RN) black hole solution. However, various problems of divergence appear in Maxwell theory. For example, the self-energy of charged point particles diverges at its location. In order to overcome these difficulties the linear Maxwell theory was extended to the nonlinear electrodynamics. Up to now, three types of nonlinear Lagrangian for electrodynamics have proposed. Historically, the first nonlinear Lagrangian for the electromagnetics was proposed by Born and Infeld (BI) in 1934 [1] . The second type of nonlinear Lagrangian which has the logarithmic (LN) form was introduced by Soleng [2] , and recently the exponential nonlinear (EN) Lagrangian for the electrodynamics was suggested by Hendi [3] [4] [5] as the third type of nonlinear electrodynamics. All of these Lagrangians have a nonlinear parameter , for which their series expansion for large can be written as
where has dimension of mass,
, where ] is the electromagnetic field tensor. When 2 → ∞, all of these Lagrangians recover the well-known Maxwell Lagrangian. A new class of regular black holes which is supported by a nonlinear electrodynamic source were studied in [6] . This solution corresponds to charged black holes, having the metric and electric field regular everywhere [6] .
There are several motivations for studying nonlinear electrodynamics. First, nonlinear field theories are of interest to different branches of mathematical physics because most physical systems are inherently nonlinear in nature. Nonlinear action of Abelian gauge theories has been considered in the context of superstring theory [7] [8] [9] [10] [11] [12] [13] [14] . Second, modifying the linear Maxwell theory to the nonlinear electrodynamics 2 Advances in High Energy Physics theory can eliminate the problem of divergency in electromagnetic field and leads to finite self-energy and finite electric potential at the origin. Third, it is also remarkable that BItype theories are singled out among the classes of nonlinear theories by their special properties such as the absence of shock waves, birefringence phenomena [15, 16] , and enjoying an electric-magnetic duality [17] . From the thermodynamics point of view, nonlinear electrodynamics also leads to some interesting properties for the black hole systems and has been widely studied in the literatures. In addition, from the point of view of AdS/CFT correspondence in hydrodynamic models, it has been shown that, unlike gravitational correction, higher-derivative terms for Abelian fields in the form of NLED do not affect the ratio of shear viscosity over entropy density [18] [19] [20] [21] . In addition, in applications of the AdS/CFT correspondence to superconductivity, NLED theories make crucial effects on the condensation as well as the critical temperature of the superconductor and its energy gap [22, 23] . Furthermore, it has been shown that the effects of NLED become important when we investigate super-strongly magnetized compact objects, such as pulsars, neutron stars, magnetars, and strange quark magnetars [24, 25] .
On the other side, a scalar field called dilaton appears in the low energy limit of string theory. Various aspects of black hole spacetimes in the context of dilaton gravity have been studied in the literatures. In the absence of dilaton potential, exact solutions of charged dilaton black holes with flat asymptotic have been constructed in [26] [27] [28] [29] [30] [31] [32] . When the Liouville-type dilaton potential, which is regarded as the generalization of the cosmological constant, is taken into account, the asymptotic behavior of the solutions is changed to be neither asymptotically flat nor (anti-)de Sitter [(A)dS] [33] [34] [35] . In the presence of one or two Liouville-type potentials, black hole spacetimes which are neither asymptotically flat nor (A)dS have been explored by many authors (see, e.g., [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] ). The BI action coupled to the dilaton field appears in the low energy limit of open superstring theory [7] [8] [9] [10] [11] . Black hole solutions in the context of Einstein-Born-Infelddilaton (EBId) gravity in three [46] and four dimensions have been investigated [47] [48] [49] [50] [51] [52] . Thermodynamics of ( + 1)-dimensional EBId solutions with flat [53] and curved horizons have also been explored [54, 55] . A class of spinning magnetic brane in ( + 1)-dimensional EBId gravity with Liouville type potential which produces a longitudinal nonlinear electromagnetic field was presented in [56] . In the scalar-tensor theories of gravity, black holes solution coupled to BI nonlinear electrodynamics have also been studied in [57, 58] . Recently, the studies were also generalized to EN electrodynamics coupled to the dilaton field (ENd). In this regard, a new class of static and spherically symmetric solutions in four dimensional-ENd gravity was constructed in [59] .
In this paper, we would like to extend the study on ENd theory by constructing a new class of rotating dilaton black string solutions with cylindrical or toroidal horizons in the presence of EN electromagnetic field. We will present the suitable counterterm which removes the divergences of the action. We also study thermodynamics of the obtained black string solutions and verify the first law of thermodynamics on the horizon. We finish our paper with conclusions in the last section.
Field Equations and Black String Solutions
We start with the four-dimensional action in which gravity is coupled to the dilaton and EN electrodynamic fields,
where is the Ricci scalar curvature, Φ is the dilaton field, and (Φ) is a potential for Φ. We choose the Lagrangian of the EN electrodynamics coupled to the dilaton field (ENd), ( , Φ), as
where is a constant determining the strength of coupling of the scalar and electromagnetic fields,
is the electromagnetic field tensor, and is the electromagnetic potential. The last term in (2) is the GibbonsHawking surface term, which guaranties the variation of the action to be well-defined. The factor Θ is the trace of the extrinsic curvature for the boundary M and ℎ is the induced metric on the boundary. Before we proceed further, let us give some motivations for introducing the Lagrangian (3). The first reason for taking this kind of Lagrangian originates from the fact that for large value of nonlinear parameter , it leads to the well-known Maxwell-dilaton Lagrangian [36] , exactly like BI lagrangian coupled to the dilaton field in the limit of large ,
This strongly implies that the nonlinear electrodynamics Lagrangian (3) proposed here is a toy model and also deserves further study. The advantages of the Lagrangian (3) compared to the BI nonlinear Lagrangian is that while the self-energy of charged point particle in BI theory has finite value near the origin, it becomes very large as → 0 for (3); however, the singularity is much weaker than Maxwell theory [3] [4] [5] . This means that the proposed Lagrangian in this paper is more realistic than BI Lagrangian and has a behavior between BI and Maxwell theory. Besides, as we mentioned already, the BI-type electrodynamics naturally arises in the low energy limit of the open string theory [7] [8] [9] [10] [11] [12] [13] [14] . However, in string theory it may appear as a series expansion and the freedom of choosing the coefficients of the series expansion allows us to collect the terms and write them in a different compact form such as BI, EN, or LN electrodynamics. The reason is that all of these three Lagrangians have the similar expansion. In addition, in the absence of the dilaton field ( = 0), ( , Φ) reduces to the Lagrangian of EN electrodynamics which was already studied in [5] and the corresponding black string solutions were investigated [5] . The lagrangian proposed in (3) is the quite one generalization of lagrangian [5] to include the dilaton scalar field. For latter convenience we write the lagrangian as
where we have defined
In this paper, we consider action (2) with a Liouville type potential,
where Λ is a constant which may be referred to as the cosmological constant, since in the absence of the dilaton field (Φ = 0) the action (2) reduces to the action of EN electrodynamics in Einstein gravity in the presence of cosmological constant [5] . The equations of motion can be obtained by varying the action (2) with respect to the gravitational field ] , the dilaton field Φ, and the gauge field which yields the following field equations:
In case of linear electrodynamics we have L( ) = − , and the system of (8)- (10) reduce to the well-known equations of Einstein-Maxwell-dilaton (EMd) gravity [36] . Our aim here is to construct charged rotating black string solutions of the field equations (8)- (10) and investigate their properties. The metric of four-dimensional rotating solution with cylindrical or toroidal horizons can be written as [60, 61] 
where Ξ = √ 1 + 2 / 2 and is the rotation parameter as we will see later. The functions ( ) and ( ) should be determined and has the dimension of length which is related to the constant Λ by the relation 2 = −3/Λ. The two dimensional space, = constant and = constant, can be (i) the flat torus model 2 with topology 1 × 1 and 0 ≤ < 2 , 0 ≤ < 2 , (ii) the standard cylindrical model with topology × 1 and 0 ≤ < 2 , −∞ < < ∞, and (iii) the infinite plane 2 with −∞ < < ∞ and −∞ < < ∞. We will focus upon (i) and (ii).
The modified Maxwell equation (10) can be integrated immediately to give
where is an integration constant which is related to the electric charge of the black string, and ( ) = Lambert ( ) is the Lambert function which satisfies [62, 63] 
and it has the following series expansion:
Clearly, series (15) converges for | | < 1. The expansion of (12) for large (or large ) is given by
) .
In the absence of the dilaton field ( = 0, ( ) = 1), (12) reduces to
while its expansion (16) reduces to
Now, we want to solve the system of (8) and (9) for three unknown functions ( ), ( ), and Φ( ). To this end, we make the suitable ansatz [41] ( ) = Φ .
Using (19) , the electromagnetic fields (12) and (13) and metric (11), after some mathematic calculations, we can show that (8) and (9) have solution of the form
, 
Here and are arbitrary constants. The integral can be done in terms of Gamma function and can be written in a compact form as ( )
where Γ( , ) and Γ( ) are Gamma functions which satisfy
Here ϝ( , , ) is the hypergeometric function [62, 63] . Using (23), solution (22) can also be reexpressed in terms of hypergeometric function,
In the absence of the dilaton field ( = 0 = ), our solution reduces to the black string solutions coupled to EN electrodynamics [5] . Using the fact that ( ) has a convergent series expansion for | | < 1 as given in (15), we can expand (22) for large (or large ). We find
When → ∞, it restores charged rotating black string solutions of EMd gravity [41] , as one expects. The 1/ 2 term in the right hand side of the above expression is the leading EN electrodynamic correction to the black string with dilaton field. In the absence of the dilaton field ( = 0 = ), solution (25) reduces to black string solutions in Einstein gravity (as → ∞) [60, 61] 
Properties of the Solutions. Next, we study the geometry of spacetime. For this purpose, we first seek for the curvature singularities in the presence of dilaton and nonlinear electrodynamic fields. It is a matter of calculation to show that the Ricci scalar and the Kretschmann invariant behave as black
which indicate that there is an essential singularity at = 0. It is also easy to check that the spacetime is neither asymptotically flat nor (A)dS. This is due the presence of the Liouville-type dilaton potential. Indeed, it has been shown that no dilaton dS or AdS black hole solution exists with the presence of only one or two Liouville-type dilaton potentials [33] [34] [35] .
One can obtain the temperature and angular momentum of the event horizon by analytic continuation of the metric. Setting → and → yields the Euclidean section of (11) , whose regularity at = + requires that we should identify ∼ + + and ∼ + + Ω + , where + and Ω + are the inverse Hawking temperature and the angular velocities of the outer event horizon. It is easy to show that the angular velocity of the black string is [41] 
while the Hawking temperature is obtained as
where + = ( = + ) and we have used ( + ) = 0. The behavior of versus + is shown in Figure 1 . From these figures we find out that, for large value of + , the temperature tends to a constant independent of the model parameters. On the other hand, for small values of + , the temperature may be negative ( < 0). Physically it is hard to accept negative temperature. Indeed, there is an extremal value for the event horizon radius ext , for which we have the black hole solution provided + ≥ ext . In this case the temperature is not negative. In case of + < ext we have no black hole solution. The temperature is zero and the horizon is degenerate for an extremal black hole provided + = ext . In this case ext is the positive root of the following equation:
where
From Figure 1 we see that ext decreases as increases, while ext increases with increasing . Indeed, the metric of (11) and (22) can describe a nonlinear dilaton black hole with two horizons provided + > ext , an extreme ENd black hole in case of + = ext , and a naked singularity if + < ext . Note that in the limiting case where → ∞, expression (29) reduces to that of black string in EMd theory [41] 
From (25) we see that the solution is ill-defined for = √ 3. Let us consider the case with > √ 3 and < √ 3, separately. When > √ 3, as goes to infinity the dominant term in (25) is the second term, and therefore the spacetime has a cosmological horizon for positive values of the mass parameter, despite the sign of the cosmological constant Λ. For < √ 3, as goes to infinity the dominant term in (25) is the first term, and therefore there exists a cosmological horizon for Λ > 0, while there are no cosmological horizons if Λ < 0. Indeed, in the latter case ( < √ 3 and Λ < 0) the spacetimes associated with the solution (24) exhibit a variety of possible casual structures depending on the values of the metric parameters , , , , and Λ. One can obtain the location of the horizons by finding the roots of ( ) = 0. Unfortunately, due to the complexity of (24), it is not possible to find explicitly the location of the horizons. But, we can obtain some information by plotting ( ) as a function of for different parameters (see Figure 2 ). These figures show that the obtained solutions may represent a black hole with two horizons, an extreme black hole or a naked singularity Figure 2 : (a) shows the evolution of ( ) versus for = 1 and = 2.5. In (b) the behavior of ( ) is illustrated for = 3.5 and = 1.3.
Here we have taken = = 1 and Ξ = 1.25.
depending on the metric parameters. We also see that for fixed value of the other parameters, the number of horizons decreases with increasing or . An interesting behavior occurred for small . Indeed, for < , the black string coupled to ENd field has a nonextreme horizon in which the metric function may be negative near the origin for < , as it happens for Schwarzschild black hole. This is in contrast to the black string solutions of linear Maxwell theory. See the right panel of Figure 2 .
Thermodynamics of Dilaton Black String
In this section we want to obtain conserved and thermodynamic quantities of the charged rotating dilaton black string. In order to obtain the conserved charges of the spacetime we use the counterterm method [64] [65] [66] inspired by (A)dS/CFT correspondence. We find the finite stress-energy tensor which removes the divergences of the action in the presence of dilaton field as
where eff is given by
It is important to note that the counterterm in (33) has the same form as in the case of asymptotically AdS solutions with zero curvature boundary, where is replaced by eff . In particular, in the absence of the dilaton field ( = 0), we have 2 eff → 2 = −3/Λ for the AdS spacetimes. We choose the Killing vector field on spacelike surface B in M with metric . Then, the quasilocal conserved quantities may be obtained from the following relation [41] :
where is the determinant of the boundary metric and is the unit normal vector on the boundary B. In our case, the boundary B has two Killing vector fields timelike ( / ) and rotational ( / ). The corresponding conserved charges are the quasilocal mass and angular momentum. It is a matter of calculation to show that the mass and angular momentum per unit length of the rotating dilaton string, when the boundary B goes to infinity, can be calculated as
When = 0 (Ξ = 1), the angular momentum per unit length vanishes, and therefore is the rotational parameters of the spacetime. Next, we calculate the entropy of the dilaton black string. Since the area law of entropy is universal and applies to all kinds of black holes and black strings in Einstein gravity, the entropy per unit length of the string is obtained as
Using Gauss' law, we calculate the flux of the electromagnetic field at infinity to obtain the electric charge per unit length of black string. We find
Also, the electric potential , measured at infinity with respect to the horizon + , is defined by [67, 68] 
where = + Ω is the null generator of the event horizon. One can easily show that the vector potential corresponding to the electromagnetic tensors (12) and (13) can be written as
Therefore, the electric potential is obtained as
Expanding for large value of , we get
which indicates that for → ∞, our expression reduces to the electric potential of black string in EMd gravity [41] . The behaviors of the electric potential as a function of horizon radius + are plotted in Figure 3 . These figures show that, in contrast to the electric potential of black string in EMd theory [41] , here the electric potential has a finite value as + → 0. This is due to the nonlinear nature of electrodynamic field. Now, we are in a position to verify the first law of thermodynamics. In order to do this, we obtain mass as a function of extensive quantities , , and . Using the expressions for the mass, the angular momenta, the entropy, and the charge given in (36), (37) , and (38) , and the fact that ( + ) = 0, one can obtain a Smarr-type formula as
where = Ξ 2 is the positive real root of the following equation:
( )
where = 2 2 / 2 2 . Now, if we consider the parameters , , and as a complete set of extensive parameters for the mass ( , , ) and define the intensive parameters conjugate to , , and as
then we can numerically check that the intensive quantities calculated by (46) coincide with (28), (29) , and (42). This implies that the first law of thermodynamics is satisfied on the horizon of the rotating dilaton black string; namely,
Conclusions
We constructed a new class of four-dimensional rotating black string solutions with cylindrical or toroidal horizons coupled to EN electrodynamic and dilaton fields. The presence of the Liouville-type dilaton potential, which is regarded as the generalization of the cosmological constant, changes the asymptotic behavior of the solutions to be neither flat nor (A)dS [33] [34] [35] . The obtained metric function ( ) in (22) has a complicated form due to the presence of both dilaton and EN electrodynamics in the action. However, we have studied its physical properties and in particular the casual structure of the solutions. We found that when the nonlinear parameter goes to infinity, → ∞, our solutions reduce to charged rotating dilaton black string of EMd gravity [41] . While in the absence of the dilaton field, ( = 0 = ), they restore charged rotating black string coupled to EN electrodynamics [5] . Interestingly enough, we found that the electric potential has a finite value as + → 0 and goes to zero as + → ∞. This is in contrast to the electric field of charged rotating black string of EMd gravity [41] and originates from the nonlinear nature of the electrodynamic field. We present the suitable counterterm which removes the divergences of the action in the presence of a Liouville-type dilaton potential. We calculated temperature, mass, angular momentum, entropy, charge, and electric potential of the rotating dilaton black string. We find a Smarr-type formula for the mass, = ( , , ), and verified numerically that the first law of thermodynamics is satisfied on the horizon.
The generalization of the present dilaton rotating string, with one rotation parameter, to all higher dimensions with complete set of rotation parameters, and also the case of magnetic dilaton string/brane supported by EN electrodynamics are now under investigation and will appear in our future works.
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